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In this work, we consider the de Broglie-Bohm quantum theory of motion to evaluate Bohm’s
quantum force in a free particle wavepacket and the scattering process by a classical Eckart potential.
In order to analyze the system dynamics, we used the temporal propagation technique to make an
interactive process to obtain their time evolution. Our results show that in the absence of a classical
potential, the system experiences quantum effects arising from an effective force intrinsically related
to the existence of the quantum potential, while in the scattering by the classical potential, the
wavepacket experiences a quantum force effect which depends on the presence of the potential, even
in the absence of any classical force field, perceiving it even before the explicit interaction, reinforcing
the fact that classical potentials can act without force fields.
I. INTRODUCTION
For a long time, the scientific community tried to pre-
serve the classical determinism for quantum events, one
of the most relevant and best-structured theories about
this theme comes up from the de Broglie-Bohm formula-
tion of the quantum mechanics [1–3]. Based on the con-
ceptions of the pilot wave of de Broglie and principally
intending to preserve the classical laws that describe a
unique reality for the physical events, David Bohm pro-
poses a theoretical formulation for the quantum mechan-
ics [1–3]. In such formulation, the quantum events are
driven by a wave function, which acts as a probabilistic
wave-guide, according to a quantum essentially poten-
tial, which arises from the interaction between the parti-
cle and its wave-guide, being responsible for the quantum
nature of the events during the system dynamics [4–10].
The existence of this quantum potential provides one
path towards to the understanding of the quantum nature
of the force [1, 3, 11–13]. In this context, the Bohm’s
quantum force has received a considerable attention of
the scientific community in the past few years [3, 12, 13].
Recently, Becker et al. [12] observed the quantum force
predicted by Shelankov [14], Berry [15] and Keating [16]
for an Aharonov-Bohm physical system, providing the
experimental support for the evidence of the quantum
force in the Aharonov-Bohm effect [17].
In this paper, we show the application of the de
Broglie-Bohm quantum theory of motion to estimate
Bohm’s quantum force in the quantum dynamics of a
Gaussian wavepacket, with and without the presence of
a classical potential. For that, we consider two situations,
the first one associated with the free particle case, and the
second one related to a system subjected to the Eckart
potential model, where the dynamic variables were ana-
lyzed through the temporal propagation technique.
Our results show that in the absence of a classical po-
tential, the system experiences quantum effects arising
from an effective force intrinsically related to the exis-
tence of the quantum potential, in such way that the
existence of the quantum force is strongly connected to
the existence of the wavepacket itself, while the classical
determinism of a physical system is in some way pre-
served. Moreover, in the scattering by a classical poten-
tial, the wavepacket experiences a quantum force effect
which depends on the presence of the potential, even in
the absence of any classical force field, perceiving it even
before the explicit interaction, strengthen the fact that
classical potentials can act without force-fields and giv-
ing us indications that the nature of the Aharonov-Bohm
effect can be observed in different classical potentials.
II. DE BROGLIE-BOHM INTERPRETATION
The de Broglie-Bohm QTM presents an interesting in-
terpretation for quantum mechanics, in which the quan-
tum system can be interpreted as two intrinsic coun-
terparts: a wave and a point particle [1, 11]. In this
context, an individual system comprises one wave, that
propagates into spacetime driving the motion of a punc-
tual particle. The wave is mathematically described by a
function Ψ(qi; t), which is a solution of the Schrödinger’s
equation, in such a way that
Ψ(qi; t) = R(qi; t) e
iS(qi;t)/~ , (1)
where R = R(qi, t) and S = S(qi, t) are real functions
given by:
R(qi, t) = |Ψ(qi, t)| ≥ 0, ∀ {qi, t} , (2)
S(qi, t)
~
= tan−1
(
Im{Ψ(qi, t)}
Re{Ψ(qi, t)}
)
. (3)
Here S can be seen as an action having dimension of
~.
2Considering the functional form of Ψ(qi; t), given in
Eq. (1), the Schrödinger’s equation results on two cou-
pled equations
1
2m
(∇S(qi; t))
2
+ V (qi; t)−
~
2
2m
∇2R(qi; t)
R(qi; t)
= −
∂S(qi; t)
∂t
,
(4)
∂R2(qi; t)
∂t
+∇ ·
(
R2(qi; t)
∇S(qi; t)
m
)
= 0 . (5)
with V (qi, t) being a external classical potential. Eqs.
(4) and (5) describe the dynamic evolution of a particle
in the classical theory and a continuity equation for the
probability density, respectively, and the quantum nature
of the events emerge from the coupled terms between
these equations [1–3].
Eq. (4) provides a total energy, −∂S(qi;t)∂t , given by a
sum of kinetic and potential energies, plus an additional
term interpreted as a quantum potential [4–10], while
Eq. (5) can be identified as a continuity equation, with
the probability density R2(qi; t) and the current density
given by
J = R2(qi; t)
∇S(qi; t)
m
. (6)
The uniqueness of Ψ(qi, t) is immediately verified in
R(qi; t), for each pair {qi, t}; but not necessarily into
S(qi, t), since for each pair one can define a distinct set of
these functions. However, if the functions S(qi, t) differ
from each other by integer multiples of ~, then the wave
function Ψ(qi; t) will be unique, and the field pi defined
as
pi = ∇S(qi, t) (7)
shall has uniqueness assured for each points {qi, t}.
In QTM, the Eqs. (4) and (5) control the dynamics of
a system particles [4–10]. In this scenario, the term
V (qi; t)−
~
2
2m
∇2R (qi, t)
R (qi, t)
(8)
provides an effective potential in which the particle is
submitted. Therefore, the Eq. (4) consists into the
Hamilton-Jacobi equation [18], unless a so-called quan-
tum potential term
Q(qi, t) = −
~
2
2m
∇2R (qi, t)
R (qi, t)
. (9)
This term arises from the interaction between the guiding
wave Ψ(qi, t) and the particle, and it is responsible for
events of quantum nature during the evolution of the
physical system [4–10].
Since R(qi, t), Eq. (2), consists in a probability den-
sity, Eq. (5) provides a continuity equation associated
to R(qi, t). In this regard, the specification of qi(t) and
the guiding wave Ψ(qi, t), at a certain instant t, defines
the state of an individual system. As can be seen from
Eq. (4), Q(qi, t) depends explicitly of R(qi, t), and it is
coupled with S(qi, t) in such way that
∂S(qi, t)
∂t
+
1
2m
(∇S(qi, t))
2
+ V (qi, t) +Q(qi, t) = 0 .
(10)
Thus, the quantum potential is not a previously known
potential, such as V (qi, t), but it depends on the state
of the whole system, and it defines an interaction wave-
particle that evolves according to the system dynamics
which is mediated by a force like effect [11–13, 16]. In
this regard, the dynamic of the particle wavepacket can
be described in terms of a effective force:
Feff =
dp
dt
= FC + FQ , (11)
in terms of the classical force (FC), derived from the clas-
sical potential V (qi, t), and the so-called quantum force
(FQ) [11, 12]
FQ(qi, t) = −
∂Q(qi, t)
∂qi
, (12)
derived from the quantum potential, Eq. (9).
The quantum force acts on the de Broglie-Bohm tra-
jectories [19], and it is not mesurable [12, 19]. In an
operational way, the presence of the quantum force can
be observed in the presence of a deflection in the average
trajectories [12, 19]. In this context, we propose a study
of a free particle and a particle subjected to the Eckart
potential, through the de Broglie-Bohm Quantum The-
ory of Motion, and so we compare the effect of a classical
potential on the Bohm’s quantum force.
III. TEMPORAL PROPAGATION THROUGH
THE FINITE-DIFFERENCE METHOD
Most of the studies involving scattering in quantum
theory of motion searches for descriptive and representa-
tive quantities of the dynamic process [3, 6–8, 16, 20].
These quantities are obtained in terms of the func-
tions R(qi, t) and S(qi, t). Thus, one can solve the
Schrödinger equation, and obtain these functions in
terms of Ψ(qi, t). In this work, we apply the Quan-
tum Trajectory Method [21, 22] on the field Ψ, in or-
der to obtain the system dynamics through interactive
processes at a given initial condition, with the proper
adjustments to ensure the convergence criteria and sta-
bility. Additionaly, we have limited our applications in
one-dimensional problems: the free particle and with the
presence of a classical Eckart potential.
Adopting the interactive finite-difference method [23,
24], the one-dimensional time-dependent Schrödinger
equation can be written as
Ψ(q, t+∆t)−Ψ(q, t)
∆t
=
i
2
∂2Ψ(q, t)
∂q2
− iV (q, t)Ψ(q, t),
(13)
3where ∆t is a small finite time interval and we use the
atomic units system, in order to ensure a reasonable per-
formance without compromising the relevant theoretical
aspects.
In order to make use of the propagation process, it is
necessary to define the initial state of the quantum wave
function. Here, we are choosing the Gaussian packet at
the instant t = 0,
ψ(q, 0) =
(
2γ
pi
) 1
4
exp
[
−γ (q − q0)
2
+ ip0(q − q0)
]
,(14)
where γ = 1/2δ2, with δ being the packet’s width, , and
q0 and p0 are, respectively, the center of position and
momentum of the packet.
Since the scalar fields R(q, t) and S(q, t) can be de-
termined in terms of Ψ(q, t), Eqs. (2) and (3), one may
use them into Eqs. (4) and (5), in order to obtain the
dynamic of the system. Considering the problem under
the influence of a time-independent potential V (q) and
the Eq. (7), it is possible to determine the velocity dis-
tributions q˙(t) and the associated trajectories, as well
as the effective force related to the quantum potential.
For determination of the trajectory, we use the temporal
propagation by finite differences technique, making the
necessary adjustments for the initial conditions,
q(tk +∆t) = q(tk) +
∂S(q, tk)
∂q
∆t .
In addition, for determination of the mediating force,
from Eq. (9) one can apply the finite differences approach
upon the quantum potential Q as
Q(q, 0) =
1
2R(q, 0)
×
×
[
R(q +∆q, 0)− 2R(q, 0) +R(q −∆q, 0)
∆q2
]
(15)
in terms of the generalized coordinates. In the cases con-
sidered in this work, the implementation of the numerical
calculus with a discretization of 2500 points in the vari-
able q and 107 points in the variable t, in a way to guaran-
tee a satisfactory description, without to incur significant
divergences on the values, and assuring a relatively low
computational cost.
IV. RESULTS
A. Free particle wavepacket
Considering the propagation of a free wave packet
(V (q) = 0), and adopting the normalized Gaussiam
packet (Eq. (13)), centerd on q0 = −2.0 a.u. and spatially
distributed in the interval [−10, 10]. We also consider
that the packet has a initial momentum p0 = k0 = 10 a.u.
and a initial width defined in terms of δ = 0.4 a.u.,
at a total time of propagation t = 0.8 a.u.. We ob-
tain the propagation profile for this wavepacket, applying
the temporal propagation through the finite-difference
method, as can be seen in Fig. 1. According the Fig. 1,
the scattering effect on the wave packet is clearly per-
ceived during the process of temporal propagation. That
outcome also is provided by usual interpretations of the
quantum mechanics, and it is intrinsically connected to
the uncertainty of observations in the Schrödinger repre-
sentation for position.
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Figure 1. (Color online) Propagation profile of a free (gaus-
sian) wavepacket, obained from the temporal propagation
through the finite-difference method.
In order to highlight the trajectories localized at the
center and extremes of the wavepacket we select nineteen
points symmetrically distributed around the center of the
wavepacket, q0 = q10, which represents the initial config-
uration associated to the particles ensemble. In such way,
each point is initially distributed around q10, as depicted
in Fig. 2. Thus, through the dynamic variables we can
observe what happen individually with the constituent
elements of the distribution.
In the de Broglie-Bohm theory, despite the absence of
a classic potential, the system is subjected to a quantum
potentialQ(q, t), which arises from the dual wave-particle
nature, through the interaction between the particle an
its wave-guide. Thus, the wave packet propagation ac-
quires a different connotation, which is explained as being
a direct consequence of the action of a field Ψ(q, t) on the
ensemble of particles via potential Q(q, t), offering new
prospects to the interpretation of the system dynamics.
According to this representation, we calculate the quan-
tum potential using Eq. (15). Fig. 3 shows the quantum
potential associated to the three representative trajec-
tories of the ensemble at the center {q10} and extremes
{q1; q19} of the free wave packet. Those trajectories cor-
respond to initial points localized at the center and ex-
tremes of the wave packet, as highlighted in the Fig. 2.
Therefore, due to the existence of the quantum poten-
tial, the ensemble experiences the action of a non-null
4-4
-2
 0
 2
 4
 6
 8
 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8
q
(
t
)
t(a.u.)
q1
q10
q19
Figure 2. (Color online) Trajectories associated to a set of
nineteen points distributed over the free wave packet, high-
lighting trajectories localized at the center {q10} (green dash-
dotted line), left {q1} (solid red line) and rigth q19} (dashed
blue line) of the packet.
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Figure 3. (Color online) Quantum potential Q(t) associated
to points at the center (green dash-dotted line) and extremes
left (solid red line) and rigth (dashed blue line) of the free
wavepacket.
effective force (Eq. (11)) consisting of elements intrinsi-
cally related to the initial conditions of the system, even
in the absence of a classical potential, which evidences the
non-classical nature of this process. Using Eq. (12) we
calculate the respective quantum force associated to the
same trajectories described in the Fig. 3. In the absence
of any classical potential, the effective force experienced
by the wavepacket arises exclusively from the quantum
potential being considered as a quantum force.
Fig. 4 shows the effective quantum force as a function
of the time and the generalized coordinate q(t). As can
be seen, although the effective force being zero at the
center of wave packet, the dispersion on the trajectories
at the extremes obeys the tendency that the quantum
force acts over the elements distributed at the edges of
the wave packet, in such way that it accelerates points
on the left side of the wave packet center (back), q < q10,
and slows down points on the right side (front), q > q10.
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Figure 4. (Color Online) Effective force as a function of the
time (a) and the generalized coordinate q(t) (b), for the tra-
jectories localized at the center (green dash-dotted line), left
(solid red line) and right (dashed blue line) of the free (gaus-
sian) wavepacket. Since there is no classical potential the
effective force is only due to the exitence of a quantum poten-
tial emergent from the interaction between the corpuscular
and wave nature of the system.
It is worth noting that, though we have adopted the
idea of an acceleration, the effective force does not con-
sist of a Newtonian interaction between the wave-guide
and the particle, so it is not possible to talk about a pair
of action and reaction between them. Despite this, one
can conclude that the center of the wavepacket experi-
enced a classical free particle dynamics, because there is
no classical or quantum force acting on it, whereas the
edges experience a quantum dynamics from the quantum
potential emergent from the interaction between the cor-
puscular and wave nature of the system. Therefore, the
existence of the quantum force is strongly connected to
the existence of the wavepacket itself, while the classical
determinism of a physical system is in some way pre-
5served, and the events of quantum nature are guided by
a field of probabilistic nature, Ψ, which acts on the en-
semble of particle modifying the system dynamics, as a
wave-guide.
B. Particle subjected to the Eckart potential
In the perspective of to illustrate the effect of a classical
potential on the quantum force, we consider the propa-
gation of the wave packet scattered by a classical Eckart
potential [25, 26], represented as
V (q) = V0
exp [β(q − qv)]
{1 + exp [β(q − qv)]}
2 . (16)
, where V0, β and qv are, respectively, amplitude, width
and center of the potential.
The Eckart model, Eq. (16), is among the most ap-
plicable and useful potentials for investigations about
scattering parameters and bound states [27–33]. It has
been used for calculations of chemical reaction rates [27],
in studies about spin-orbit coupling [28] and bound
states solutions for Dirac equation [29], in the de-
termination of thermodynamic properties of diatomic
molecules systems [30], supersymmetric quantum me-
chanics [31], nuclear interactions [32], and quantum tun-
neling through graphene nanomeshes [33]. Since, we have
adopted atomic units, the coefficient β has unit of in-
verse of the Bohr radius. For our analysis, we are assum-
ing the potential with amplitude V0 = 200 a.u., width
β = 20 a.u., and centerd at qv = 0 a.u., and we are con-
sidering the wave packet propagation with p0 = 10 a.u.,
δ = 0.4 a.u. and centered at q0 = −2.0 a.u., in the total
time t = 0.8 a.u..
In the Fig. 5 (a), we depicted the wavepacket prop-
agation scattered by the Eckart potential given in the
Eq. (16), obtained from the finite-difference method. It
furnishes the behavior characteristic for that type of pro-
cess, showing a distinction for effects of transmission and
reflection on this potential barrier. Even the initial aver-
age energy of the wave packet being equal to the height of
the barrier, one fraction of the packet is transmitted and
the other one is reflected, with most of the amplitude be-
ing transmitted for present initial conditions. The prop-
agation of the wavepacket package and the dispersion,
during the scattering process, are illustrated in terms of
the trajectories pictured in the Fig. 5 (b), built for nine-
teen points symmetrically distributed over the packet,
around q0 = −2.0 a.u., and with an initial average energy
E = 50 a.u.. Those trajectories, represented in Fig. 5 (b),
allow us to conclude that the scattering process starts at
t = 0.15 a.u. and any influence registered before this in-
terval elapses without an explicit action of the classical
potential. We highlight in Fig. 5 (b) the trajectories lo-
calized at the center {q10} and the edges {q1; q19} of the
wavepacket, before, during and after the interaction with
the scattering potential. As illustrated, the left (back) of
the wavepacket {q1} is reflected, whereas the center {q10}
and the right (front) {q19} of the wave packet are trans-
mitted, tunneling the potential barrier. This effect can
also be illustrated by the plot of the quantum potential
and the analysis of the quantum forces acting in each
trajectory.
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Figure 5. (Color online) (a) Wave packet subjected to the
Eckart potential. (b) Trajectory of nineteen points dis-
tributed around qc = −2.0 a.u., with E = 50.0 a.u. The high-
lighted trajectories are associated to the points placed at ex-
tremes and middle of the wave packet.
Fig. 6 shows the quantum potential Q(q, t) obtained
from Eq. (15) for the wavepacket scattered by a classical
Eckart potential, for the trajectories highlighted in Fig. 5
(b), localized at the center {q10} and extremes {q1; q19}
of the wavepacket. As can be seen in Fig. 6, when the
wavepacket approaches the potential barrier the quan-
tum potential profile changes and even before the scat-
tering the behavior is completely different from the one
obtained in the case of a free particle, considering the
same quantities (Fig. 3). Fig. 6 (b) shows the tunnel-
ing of the front and the center of the wavepacket in the
potential barrier as previously discussed. The tunnelling
effect with the Eckart potential was discussed before in
6the literature in terms of the Bohmian Total Potential [7].
Moreover, another interesting result is the observation of
the correlation among the constituents of the ensemble,
since the element localized to the left side of the packet
(q1) suffers a significant change in its potential profile,
even not interacting explicitly with the potential V (q),
but receiving this information through a correlation ex-
isting among the elements of the wavepacket.
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Figure 6. (a) Quantum potential Q(t) represented at the time
interval 0 a.u. and 0.15 a.u., with E = 50.0 a.u., subjected to
the classical interaction of amplitude V0 = 200 a.u.. These
profiles are associated to elements at the extremes (red and
blue lines) and middle (green line) of the wave packet. (b)
Comparison between the quantum and classical potential
On the other hand, with the recent experimental ob-
servation of quantum force [12] we can interpret this ef-
fect in terms of its action on the wavepacket trajectories.
Using Eq. (12) we calculate the quantum force for the
same trajectories described in Fig. 6. Fig. 7 shows the
quantum force as a function of the time and the gener-
alized coordinate q(t), for the wavepacket scattered by a
classical Eckart potential.
As the scattering occurs, different points of the wave
packet experience a variation on the interaction profile
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Figure 7. (Color Online) Quantum force as a function of the
time (a) and the generalized coordinate q(t), for the trajecto-
ries localized at the center (green dash-dotted line), left (solid
red line) and rigth (dashed blue line) of the packet.
which they are subjected. That can be seen in Fig. 6
(b) describing the quantum potential Q(q) and the clas-
sical potential V (q) in terms of their coordinates. As can
be seen, the constituents of the ensemble perceive the
classical potential even before the classical interaction.
In other words, the particle experiences a quantum force
effect which depends on the presence of the classical po-
tential, even in the absence of any classical force field. In
order to illustrate this effect we show in Fig. 8 compar-
ison between the forces in the transmitted trajectory at
the edge of the scattered wavepacket.
Therefore, as can be seen in Figs. 7 and 8, as the wave
packet approaches the potential barrier, the system dy-
namics profile is altered even before the action of the
classic force. This result can be interpreted analogously
to that observed in the Aharonov-Bohm effect [17] since
even in the absence of a force field, the quantum dynam-
ics of the particle is altered by the presence of the classical
potential. These results strengthen the fact that classical
potentials can act without force-fields, giving us indica-
7Figure 8. The quantum potential Q(q) and the classical po-
tential V (q) depicted for the same parameter values adopted
in Fig. 6
tions that the Aharonov-Bohm effect could be observed
in other classical potentials.
V. CONCLUSIONS
In this work, we report an application of the de Broglie-
Bohm Quantum Theory of Motion, we have investigated
Bohm’s quantum force for a Gaussian wavepacket with
and without the presence of a classical potential. For
our analysis, we adopt the temporal propagation method,
which is an interactive technique of finite differences, per-
mitting us to get the system dynamics through adjust-
ments to ensure convergence and stability.
First, for the free particle dynamics, we observe that,
in the absence of a classical potential, the edges of the
wavepacket experience quantum effects arising from an
effective force intrinsically related to the existence of the
quantum potential Q(q, t), which emerges from the inter-
action between the corpuscular and wave nature of the
system, while the center of the wave packet shows a clas-
sical free particle dynamics. Thus, the existence of the
quantum force is strongly connected to the existence of
the wavepacket itself, while the classical determinism of
a physical system is in some way preserved.
In order to illustrate the effect of a classical poten-
tial on the quantum force, we consider the wavepacket
scattered by the Eckart potential. We show that the sys-
tem experiences significant changes in its dynamics, even
before the explicit interaction with the classical potential
V (q), due to the perception of information through a cor-
relation among the wavepacket elements, which give us
evidence of the presence of the quantum force in the scat-
tering process. In this context, we evaluate the influence
of this classical potential over the quantum dynamics of
the system through the calculation of the quantum force
acting in the wavepacket scattered by this potential. We
observed that the constituents of the ensemble perceive
the classical potential even before the interaction with
the classical force. Thus, the system experiences a quan-
tum force effect, which depends on the classical potential,
even in the absence of any classical force field, analogous
to that observed in the Aharonov-Bohm effect, giving in-
dications that the nature of this effect can be observed
in different classical potentials.
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